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Abstract
We consider the generalized quantum Rabi model with the so-called A2-term in the light
of the Hepp-Lieb-Preparata quantum phase transition. We investigate the dressed photon in
its ground state when the atom-light coupling strength is in the deep-strong coupling regime.
We show how the dressed photon appears in the ground state. We dedicate this paper to
Pavel Exner and Herbert Spohn on the occasion of their 70th birthdays, and Klaus Hepp on
the occasion of his 80th birthday.
1 Introduction
Quantum electrodynamics (QED) says that the matter coupled with a radiation field emits
a photon when the relaxation (de-excitation) of a quantum state of the matter takes place.
In particular, for the relaxation from an excited state to a ground state, the ground state
should be the vacuum. Preparata, however, claims that there is a coherence domain in which
the photon cannot be emitted from the matter in certain cases where the matter-radiation
coupling is very strong [22, 8], and the ground state has the photon that should primarily
be emitted outside of the matter. Thus, the photon should be among the dressed photons
in the ground state. Then, the ground state switch from the perturbative ground state to
the non-perturbative ground state. This non-perturbative ground state is called the coherent
ground state by Preparata [22] and the superradiant ground state by Enz [8]. Preparata
found this phenomena stimulated by and based on the Hepp-Lieb quantum phase transition
[10, 11]. We thus call this phenomenon the Hepp-Lieb-Preparata quantum phase transition
in this paper.
The Hepp-Lieb-Preparata quantum phase transition is shown by Enz [8] and one of
authors [12] for a model describing a two-level system coupled with light such as the many-
mode-photon version of the Jaynes-Cummings type models as well as Jaynes-Cummings
model itself [13, 15, 16]. We note that all the models have the rotating wave approximation.
However, in the ultra-strong or deep-strong coupling regime [6] we cannot avoid the effects
coming from the counter rotating terms and the A2-term, the quadratic interaction of pho-
ton field, for the argument on such a quantum phase transition. It is worthy to note that
some theoretical observations have lately pointed out the possibility of the quantum phase
transition in a ground state of a model in circuit QED [1, 21, 7].
For the model with the A2-term and without the rotating wave approximation, Yoshihara
et al. recently succeeded in achieving the deep-strong coupling regimes in their circuit QED
experiment. They observed a quantum phase transition in the ground state in the deep-strong
coupling regime for the generalized quantum Rabi model. Therefore, we are mathematically
interested in the generalized quantum Rabi model, and we consider it in the light of the
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Hepp-Lieb-Preparata quantum phase transition. There are at least two possibilities: whether
the dressed photon in the ground state is a bare photon or it is a physical photon. Because,
in particular, we pay special attention to the physical photon in the ground state, we cope
with the A2-term problem following the pair theory for quantum field caused by a neutral
source [9]. For the history of several pair theories, see Ref.[5].
2 Our Model and Problems
2.1 Notations
Let H be a separable Hilbert space. We denote by ( , )H the inner product of the Hilbert
space H. We denote by ‖ ‖H the norm naturally induced by the inner product ( , )H.
Meanwhile, ‖ ‖op is the operator norm for a bounded operator acting the Hilbert space.
The state space F of the two-level atom system coupled with one-mode light is given by
C
2 ⊗ L2(R), where C2 is the 2-dimensional unitary space, and L2(R) the Hilbert space
consisting of the square-integrable functions. For any matrix A on C2 and any operator B
acting in L2(R), we often denote by AB the tensor product of the operators A and B, i.e.,
AB = A⊗B, by omitting the tensor sign ⊗ throughout this paper. For the identity operator
I, we write A ⊗ I and I ⊗ B simply as A an B, respectively. We use the notations, | ↑〉
and |↓〉, which stand for the spin-states defined in C2 by |↑〉 :=
(
1
0
)
and |↓〉 :=
(
0
1
)
. We
denote by |n〉 the Fock state in L2(R) with the photon number n = 0, 1, 2, · · · . That is,
|0〉 := (ω/π~)1/4 exp [−ωx2/2~] and |n〉 := √wγnHn(wx) exp [−(wx)2/2] ∈ L2(R), where
Hn(x) is the Hermite polynomial of variable x, γn = π
−1/4(2nn!)−1/2, and w =
√
mωc/~.
We often use a compact notation, |s, n〉, for the separable state |s〉 ⊗ |n〉 for s =↑, ↓ and
n = 0, 1, 2, · · · .
We denote the Pauli matrices by σx :=
(
0 1
1 0
)
, σy :=
(
0 −i
i 0
)
, and σz :=
(
1 0
0 −1
)
. We
respectively denote by a and a† the annihilation and creation operators of 1-mode photon
defined by a|0〉 := 0, a|n〉 := √n|n− 1〉, and a†|n〉 := √n+ 1|n+ 1〉.
We denote by |E〉 a normalized eigenstate of an operator A with its corresponding eigen-
value E, i.e., A|E〉 = E|E〉. For any state ψ, we denote σxψ by ψ˜, i.e., ψ˜ = σxψ. For any
eigenstate |E〉, we denote σx|E〉 by |E˜〉. We note that the operator A˜ defined by A˜ = σxAσx
is unitarily equivalent to the operator A so that |E˜〉 is its eigenstate with the corresponding
eigenvalue E.
2.2 Mathematical Models
The flux qubit is demonstrated in a superconducting circuit. The clockwise current and
the counterclockwise current in the superconducting circuit make two states, |〉 and |	〉,
respectively. We can regard these two states as a qubit. Then, the Hamiltonian of the qubit
is given by
Hqubit = − ~
2
(ωaσx + εσz) .
Here, ~ωa and ~ε are the tunneling splitting energy and the bias energy between |〉 and
|	〉. We respectively represent the states |〉 and |	〉 with the spin-states |↓〉 and |↑〉 from
now on: |↓〉 = |〉 and |↑〉 = |	〉. Then, we can regard the Pauli matrix σx as the spin-chiral
transformation, σx : |↓〉 = |〉 −→ |↑〉 = |	〉 and σx : |↑〉 = |	〉 −→ |↓〉 = |〉. In other words,
for the counterclockwise rotation matrix Rz(θ) = e
−iθσz/2 and the clockwise rotation matrix
Rz(−θ) = eiθσz/2 through an angle θ about the z-axis of the Bloch sphere [3], we have the
relation, σxRz(θ)σx = Rz(−θ), and therefore, we can say that the states, ψ˜ and |E˜〉, are the
reflected images on the other side of mirror on the xy-surface for their original states, ψ and
|E〉, respectively.
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Yoshihara et al. consider the Hamiltonian
Htotal = Hqubit + ~ωc
(
a†a+
1
2
)
+ ~gσz
(
a+ a†
)
in Ref.[28]. Let us define a unitary operator Uxz by Uxz :=
1√
2
(
1 1
−1 1
)
. Then, their Hamil-
tonian Htotal is unitarily transformed to
H(ωa, ε, ωc, g) := U
∗
xzHtotalUxz = Hatom(ωa, ε) +Hcavity(ωc) +Hint(g) (2.1)
withHatom(ωa, ε) =
~
2 (ωaσz − εσx),Hcavity(ωc) = ~ωc
(
a†a+ 12
)
, andHint(g) = ~gσx
(
a+ a†
)
.
Here the cavity Hamiltonian Hcavity(ωc) includes the zero-point energy ~ωc/2. In the case
ε = 0, we call it the quantum Rabi Hamiltonian, and thus, we call H(ωa, ε, ωc, g) a gener-
alized quantum Rabi Hamiltonian. We rewrite the interaction in the (generalized) quantum
Rabi Hamiltonian using the spin-annihilation operator σ− and the spin-creation operator σ+
defined by σ± := (σx ± iσy)/2: ~gσx
(
a+ a†
)
= ~g
(
σ−a+ σ+a+ σ−a† + σ+a†
)
. The opera-
tors, σ+a and σ−a†, are the rotating terms, and the operators, σ−a and σ+a†, the counter-
rotating terms. The spin-chiral transformation σx makes the relations, σx(σ−a)σx = σ+a
and σx(σ+a
†)σx = σ−a†. Thus, the counter-rotating terms are the rotating terms on the
other side of the mirror.
We here give some mathematical notes. By Theorem 4.3 of Ref.[16], the generalized
quantum Rabi Hamiltonian H(ωa, ε, ωc, g) is self-adjoint on the domain C
2⊗Span({|n〉}∞n=0),
where Span({|n〉}∞n=0) is a subspace linearly spanned by all the Fock states |n〉 in L2(R).
2.3 Hepp-Lieb-Preparata Quantum Phase Transition
We briefly see the Hepp-Lieb-Preparata quantum phase transition in mathematics using
the Jaynes-Cummings model though the model is not physically valid over the ultra-strong
coupling regime. For simplicity we tune the frequencies, ωa and ωc, to a frequency ω, i.e.,
ωa = ωc = ω. The Jaynes-Cummings Hamiltonian reads
HJC := Hatom(ω, 0) +Hcavity(ω) + ~g(σ+a+ σ−a†).
It is easy to solve the eigenvalue problem, HJCϕν = Eνϕν . The eigenstates ϕν and the
corresponding eigenvalues Eν are given by{
ϕ0 = |↓, 0〉,
E0 = 0,
and
 ϕ±(n+1) = ±
1√
2
|↑, n〉+ 1√
2
|↓, n+ 1〉,
E±(n+1) = ~ω(n+ 1)± ~g
√
n+ 1,
n = 0, 1, 2, · · · .
Thus, we realize that the separable state ϕ0 is a unique ground state if 0 ≤ g < ω, and
the entangled state ϕ−1 is a unique ground state if ω < g < (
√
2 + 1)ω. In the same way,
moreover, the entangled state ϕ−(n+1) is a unique ground state if (
√
n+ 1 +
√
n)ω < g <
(
√
n+ 2 +
√
n+ 1)ω. In these way, the ground state has some photons provided ω < g,
though it has no photon as long as 0 ≤ g < ω. The ground state shifts from a separable
state to an entangled one, and changes how to make the entanglement. Namely, we can
concretely see the Hepp-Lieb-Preparata quantum phase transition for the Jaynes-Cummings
model through the facts how many photons the ground state has, and how the entanglement
forms the non-perturbative ground state.
We are interested in the quantum Rabi model’s case. We now tune the frequencies, ωa
and ωc, as in the above. As shown in Ref.[19], the free part of the quantum Rabi Hamilto-
nian H(ω, 0, ω, 0) is the Witten Laplacian [26] which describes the N = 2 SUSY quantum
mechanics, and the renormalized Rabi Hamiltonian H(ω, 0, ω, g) + ~g2/ω converges to the
Hamiltonian describing the spontaneously N = 2 SUSY breaking in the weak operator
topology. Here, the energy −~g2/ω is the binding energy of the van Hove Hamiltonians
Hcavity(ω) ± ~g(a + a†) appearing in neutral static-source theory. Actually, the individual
van Hove Hamiltonian sits in each diagonal element of the total Hamiltonian Htotal⌈ε=0; it is
3
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Figure 1: The energy revel of the quantum Rabi Hamiltonian H(ω, 0, ω, g). The unit of the
transverse axis is g/ω, and the unit of the longitudinal axis is ~ω.
referred to as an energy renormalization (see Ch.9 of Ref.[9]). The renormalized Rabi Hamil-
tonian recovers the spin-chiral symmetry as the coupling strength grows lager and larger, and
then, the spin-chirality causes spontaneously SUSY breaking. For more details, see Ref.[19].
Here, we improve the quantum Rabi Hamiltonians’ convergence; it is actually in the norm
resolvent sense (see Definition on p.284 of Ref.[23]). That is, as proved below, we can obtain
the following convergence:
lim
g→∞
‖ (H (ωa, 0, ωc, g) + ~g2/ωc − i)−1 − (U∗gHcavity(ωc)Ug − i)−1 ‖op = 0, (2.2)
where Ug is the Bogoliubov transformation defined by the displacement operator, Ug :=
egσx(a
†−a)/ωc . We recall the fact that the quantum Rabi Hamiltonian H (ωa, 0, ωc, g) has
the parity symmetry, i.e., [H (ωa, 0, ωc, g) ,Π] = 0 for the parity operator Π = (−1)a†aσz ,
and the ground state |Eε=00 〉 of the quantum Rabi Hamiltonian has to be an eigenstate of
the parity operator, of which eigenvalue is −1, i.e., Π|Eε=00 〉 = −|Eε=00 〉 [17, 18]. Thus, this
convergence say that for sufficiently large coupling strength, g≫ 1, the ground state |Eε=00 〉
of the quantum Rabi Hamiltonian H (ωa, 0, ωc, g) is well approximated by the ground state
U∗g | ↓, 0〉 of the Hamiltonian U∗gHcavity(ωc)Ug. Namely, the ground state Uxz|Eε=00 〉 of the
original total Hamiltonian Htotal is well approximated by the coherent states, also called the
displaced vacuum states [28], as
Uxz|Eε=00 〉 ≈
Dˆ(−g/ωc)| ↑, 0〉+ Dˆ(g/ωc)| ↓, 0〉√
2
=
e−g
2/ω2c√
2
∞∑
n=0
{
(−g/ωc)n√
n!
| ↑, n〉+ (g/ωc)
n
√
n!
| ↓, n〉
}
(2.3)
for the displacement operator Dˆ(∓g/ωc) = e∓g(a†−a)/ωc . This improvement of convergence
also guarantees the convergence of energy spectra as g→∞, and our numerical analysis in,
for instance, Fig.1. It is worth to noting that Braak has given an analytical expression of
the eigenvalues of the quantum Rabi Hamiltonian [4] though it had been a long outstanding
problem.
Here, we give a proof of the improvement of the convergence. Denote Hcavity (ωc) by Hcav
for simplicity. We have UgaU
∗
g = a− gσx/ωc. Then, we can define a Hamiltonian H˜renRabi by
H˜renRabi := Ug
(
HRabi (ωa, 0, ωc, g) +
~g2
ωc
)
U∗g = Hcav +Wg, (2.4)
where Wg = (~ωa/2)UgσzU
∗
g . Set the operator R as R := (H˜
ren
Rabi − i)−1 − (Hcav − i)−1, and
use the 2nd resolvent equation. Then, we have the equation,
R = (Hcav +Wg − i)−1 (−Wg) (Hcav − i)−1 , (2.5)
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which implies the equation,
(Hcav +Wg − i)−1 = (Hcav − i)−1 + (Hcav +Wg − i)−1 (−Wg) (Hcav − i)−1 . (2.6)
Inserting Eq.(2.6) into the term, (Hcavh +Wg − i)−1, of the right hand side of Eq.(2.5), we
reach the equation,
R = − (Hcav − i)−1Wg (Hcav − i)−1
+(Hcav +Wg − i)−1Wg (Hcav − i)−1Wg (Hcav − i)−1 ,
which implies the inequality,
‖R‖op ≤ ‖ (Hcav − i)−1Wg (Hcav − i)−1 ‖op
+‖ (Hcav +Wg − i)−1 ‖op‖Wg‖op‖ (Hcav − i)−1Wg (Hcav − i)−1 ‖op.
Since ‖ (Hcav +Wg − i)−1 ‖op ≤ 1 and ‖Wg‖op = ~ωa/2, the above inequality leads to the
inequality
‖R‖op ≤
(
1 +
~ωa
2
)
‖ (Hcav − i)−1Wg (Hcav − i)−1 ‖op.
We remember that the operatorWg converges to 0 in the weak operator topology [19], and the
resolvent (Hcav − i)−1 is compact. Our theorem proved in A says that limg→∞ ‖ (1 + (~ωa/2)) ‖ (Hcav − i)−1Wg (Hcav − i)−1 ‖op =
0, and therefore,
lim
g→∞
‖ (HRabi (ωa, ωc, g) + ~g2/ωc − i)−1 − (U∗gHcavUg − i)−1 ‖op
= lim
g→∞
∥∥∥(UgHRabi (ωa, ωc, g)U∗g + ~g2/ωc − i)−1 − (Hcav − i)−1∥∥∥
op
= 0.
Based on this convergence and its proof, we think that the leading term of the quantum
Rabi Hamiltonian is Hcavity(ωc)+ ~g(σ+a+σ−a†) for ultra- or deep-strong coupling regime.
Namely, we regard Hatom(ωa, 0) as a small perturbation.
3 Dressed Photon in Ground State
In this section we will consider the dressed photon in a ground state of the total Hamiltonian
with the A2-term, the quadratic coupling, defined by
HA2 := H(ωa, ε, ωc, g) + ~Cgg
(
a+ a†
)2
, (3.1)
where Cg is a function of the coupling strength g. Judging from reference to Eq.(15) of
Ref.[28], the coupling strength g and the function Cg are given by
g =M(Ip)IpIzpf and Cg =
IpIzpf
I2cM − I2p
,
where Ip and Izpf are respectively the persistent-current and the zero-point-fluctuation cur-
rent with Izpf ≪ Ip, IcM is the critical current of a single effective Josephson junction, and
M(Ip) the mutual inductance between the flux qubit and the LC oscillator:
M(Ip) =
Φ0
2π
√
I2cM − I2p
.
We can rewrite Cg as
Cg =
IpIzpf
I2cM − I2p
=
2π
Φ0
√
I2cM − I2p
g or Cg =
IpIzpf
I2cM − I2p
=
(
2π
Φ0
)2
1
IpIzpf
g2.
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Figure 2: The energy revel of the total Rabi Hamiltonian HA2 . The left is for the case Cg =
0.1× g, and the right for the case Cg = 0.1× g2. The unit of the transverse axis is g/ω, and the
unit of the longitudinal axis is ~ω.
Thus, we may approximate it at Cg = Cg
ℓ, ℓ = 1, 2, with a constant C, where we have to
change the dimension of C to meet each case. In the latter case, C ≪ 1 as g ≫ 1 if we take
sufficiently large IpIzpf to make g large enough. The numerical computation of the energy
level of the total Hamiltonian HA2 is in Fig.2.
We denote by the eigenstates |Eν〉, ν = 0, 1, 2, · · · , of the total Hamiltonian HA2 , and by
Eν the corresponding eigenenergies with E0 ≤ E1 ≤ E2 ≤ · · · . Return the representation
used by Yoshihara et al. [28],
UxzHA2U
∗
xz = Htotal + ~Cgg(a+ a†)2. (3.2)
Then, we have the matrix representation,
UxzHA2U
∗
xz =
(
H+A2 − ~ε/2 −~ωa/2
−~ωa/2 H−A2 + ~ε/2
)
,
where
H±A2 = Hcavity(ωc)± ~g
(
a+ a†
)
+ ~Cgg
(
a+ a†
)2
.
In other words, following the representation in Ref.[6], we define the annihilation operator α
and creation operator α† by α♯ := σxa♯. Then, we have the matrix-valued CCR, [α, α†] = 1.
We denote by Π±1 the orthogonal projection on the eigenspace of the parity operator Π
with the corresponding eigenvalue ±1. Then, we have the relations, Π = −Π−1 + Π+1 and
1 = Π−1 +Π+1. Using these relations, we have the well-known representation,
HA2 = H−Π−1 ⊕H+Π+1 −
~ε
2
σx, (3.3)
where H− and H+ are the photon Hamiltonians given by
H± = ~ωc
(
α†α+
1
2
)
+ ~g(α+ α†) + ~Cgg(α+ α†)2 ± ~ωa
2
(−1)α†α. (3.4)
We regard the term, ~ωc
(
α†α+ 1/2
)
+~g(α+α†)+~Cgg(α+α†)2, with the self-interaction
as the leading term, and the terms, ±(~ωa/2)(−1)α†α and −(~ε/2)σx, as its perturbation as
g≫ 1.
According to the argument on p.76 and p.77 of Ref.[9], the ground-state expectation of
photon defined by
Nbare0 = 〈E0|a†a|E0〉 = 〈E0|α†α|E0〉
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is for the bare photons. Thus, from the point of view of the photon field with the uncountably
many modes, the ground-state expectation Nbare0 includes the number of virtual photons as
well as that of non-virtual photons. Here ‘virtual photon’ is a technical term in the theory
of elementary particle, and ‘non-virtual’ is its antonym of the virtual though some people
use ‘real’ instead of non-virtual. The virtual photon causes the Coulomb force in quantum
electrodynamics, though it cannot directly be observed in any experiment. Thus, we should
investigate the effect coming from the fluctuation caused by bare photons.
Let ∆Φ be the fluctuation of the bare-photon field Φ = (a + a†)/
√
2ωc at the ground
state |E0〉, i.e., ∆Φ =
√
〈E0|(Φ− 〈E0|Φ|E0〉)2|E0〉. We can show the relation,
(∆Φ)2 ≤ 2N
bare
0 + 1
ωc
. (3.5)
In addition, according to the way in Eq.(12.24) of Ref.[9], we can obtain the following lower
bound in the case Cg = Cg
ℓ, ℓ = 1, 2, with a constant C > 0:
Nbare0 ≥
1
2
( √
ωc
2
√
ωc + 4Cgℓ+1
+
√
ωc + 4Cgℓ+1
2
√
ωc
− 1
)
− ǫ(g), (3.6)
where
0 < ǫ(g)→
{
1/(8Cωc) ℓ = 1,
0 ℓ = 2,
as g→∞.
We will give the proofs of Eqs.(3.5) and (3.6) in B. Thus, we have to avoid the increase in
the number of bare photons which tends to divergence. Also, we have to mind and cope with
the effect coming from the quadratic coupling. Therefore, we will follow the pair theory [9]
to consider the physical state. The pair theory is primarily to expose non-virtual photons to
us by removing virtual photons from the ground state.
3.1 Pair Theory for HA2
In this part, we mathematically study the Hopfield-Bogoliubov transformation to cope with
the quadratic coupling.
Following Eqs.(12.17) and (12.19) of Ref.[9], the annihilation and creation operators, b
and b†, for physical photons are introduced so that the relations,
a =M1b+M2b
† and a† =M2b+M1b†, (3.7)
are satisfied, where
M1 =
1
2
{√
ωc
ωg
+
√
ωg
ωc
}
and M2 =
1
2
{√
ωc
ωg
−
√
ωg
ωc
}
.
Then, we can prove that for arbitrary ωc, g, Cg there is a unitary operator U such that
U∗HA2U = H(ωa, ε, ωg, g˜), (3.8)
where
ωg =
√
ω2c + 4Cggωc and g˜ = g
√
ωc
ωg
.
This unitary operator U is the Hopfield-Bogoliubov transformation [20, 21] used in Ref. [28].
We here note that this Hopfield-Bogoliubov transformation becomes unitary without any
restriction. The cavity frequency and the coupling strength are respectively renormalized as
ωg and g˜ so that they include the effect coming from the A
2-term. In particular, the term,
2
√
Cggωc, in the renormalized cavity frequency ωg plays a role of a mass of photon (cf. §3.4
of Ref.[22]). Thus, we call the Hamiltonian H(ωa, ε, ωg, g˜) the renormalized Hamiltonian with
A2-term effect.
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Using this unitarily-equivalent representation, in the same way as getting Eq.(1.18) of
Ref.[12], we can estimate the ground state energy E0(HA2) of the Hamiltonian HA2 as
− ~
2
√
ω2a + ε
2 +
~ωg
2
− ~g˜
2
ωg
≤ E0(HA2) ≤ −
~
2
e−2g˜
2/ωg
2√
ω2a + ε
2 +
~ωg
2
− ~g˜
2
ωg
. (3.9)
We can show how the Hopfield-Bogoliubov transformation is obtained as a unitary opera-
tor. We are now considering just one-mode photon, not uncountably many modes light. Thus,
we only have to consider the Schro¨dinger equation, in particular, the Schro¨dinger operators
in our case instead of considering the field equation in pair theory: Return the representation
UxzHA2U
∗
xz in Eq.(3.2) again. We recall that the unitary operator Uxz is only for the spin,
and our Hopfield-Bogoliubov transformation U only for photon. We can represent the anni-
hilation operator a and the creation operator a† of bare photons using the position operator
x and the momentum operator p as
a =
√
mωc
2~
x+ i
√
1
2m~ωc
p and a† =
√
mωc
2~
x− i
√
1
2m~ωc
p. (3.10)
Use these representations, and rewrite the Hamiltonians H±A2 as
H±A2 =
1
2m
p2 +
mω2c
2
x2 ± ~g
√
2mωc
~
x+ 2mCggωcx
2
=
1
2m
p2 +
mω2g
2
x2 ± ~g˜
√
2mωg
~
x.
We denote by ϕn the normalized eigenstates of (1/2m)p
2 + (mω2c/2)x
2, and by ψn the
normalized eigenstates of (1/2m)p2 + (mω2g/2)x
2 for n = 0, 1, 2, · · · :
ϕn =
√
wcγnHn(wcx)e
−(wcx)2/2 and ψn =
√
wgγnHn(wgx)e
−(wgx)2/2,
where Hn(x) are the Hermite polynomials of variable x, γn = π
−1/4(2nn!)−1/2, and w♯ =√
mω♯/~, ♯ = c, g. Since the sets, {ϕn}∞n=0 and {ψn}∞n=0, are respectively a complete or-
thonormal basis of the function space L2(R), we can make a unitary operator U by the
correspondence, Uϕn = ψn. We here note the relations, aϕ0 = 0 and aϕn =
√
nϕn−1 for
n = 1, 2, · · · .
Introducing the annihilation and creation operators, b and b†, for physical photons by
b =
√
mωg
2~
x+ i
√
1
2m~ωg
p and b† =
√
mωg
2~
x− i
√
1
2m~ωg
p, (3.11)
we have the relations, bψ0 = 0 and bψn =
√
nψn−1 for n = 1, 2, · · · . Meanwhile, the equations,
Uaϕ0 = 0 and Uaϕn =
√
nUϕn−1, lead the equations, (UaU∗)ψ0 = 0 and (UaU∗)ψn =√
nψn−1, which implies the relation UaU∗ = b. Taking its conjugate, we have the relation,
Ua†U∗ = b†. Then, using Eqs.(3.10) and (3.11), we easily obtain the relations,
UaU∗ = b =
1
2
(c1 + c2)a+
1
2
(c1 − c2)a†,
Ua†U∗ = b† =
1
2
(c1 − c2)a+ 1
2
(c1 + c2)a
†,
(3.12)
where c1 =
√
ωg/ωc and c2 =
√
ωc/ωg. It is easy to show Eqs. (3.7) and (3.8) with the help
of Eqs.(3.12).
3.2 Ground-State Expectation of Photons
We investigate how the ground state has some physical photons that should primarily be
emitted to the outside of the matter.
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Thanks to the unitarity of the Hopfield-Bogoliubov transformation Eq.(3.8), we can define
the normalized eigenstates of the renormalized total Hamiltonian H(ωa, ε, ωg, g˜) with the A
2-
term effect by |Erenν 〉 := U∗|Eν〉, and then, the eigenenergy Erenν of each eigenstate |Erenν 〉 is,
of course, Eν . The result in Ref.[18] says that E0 is always less than E1, i.e., E0 < E1. We
consider the renormalized ground-state expectation of physical photon,
N ren0 = 〈Eren0 |a†a|Eren0 〉 = 〈E0|b†b|E0〉,
and how the ground state of the renormalized total Hamiltonian with the A2-term effect has
physical photons.
We first find its upper bound as
N ren0 ≤
g˜2
ω2g
=
ωc
ω3g
g2 = ω−1/2c
(
ωc
g4/3
+
4Cg
g1/3
)−3/2
. (3.13)
Eq.(3.13), which is proved bellow, tells us that how many physical photons the ground state
can have at most, and that it depends on the function Cg. Thus, we have N
ren
0 → 0 as g→∞
in the case Cg = Cg
ℓ, ℓ = 1, 2, while Nbare0 →∞.
Meanwhile, we can give a lower bound of the renormalized ground-state expectation. Let
us define a function Lren(g) of the coupling strength g by
Lren(g) :=
g˜
ωg
−
√√√√√ω2a + ε2 (1− e−2g˜2/ω2g)
2ωg
.
Then, as proved at the tail end of this subsection, for the parameters ωa, ε, ωc, and g
satisfying Lren(g) ≥ 0, a lower bound is given by
N ren0 ≥ Lren(g)2. (3.14)
Now we have the upper bound g˜2/ωg and the lower bound L(g)
2. Fig.3 shows their
numerical analyses for Cg = Cg or Cg
2, ωa = 0.1, ωc = 0.75. According to these numerical
analyses, we realize that the ground-state expectation N ren0 has a gently-sloping peak when
the constant C is sufficiently small, though the peak disappears as the constant is large.
That is, the hight of the peak is tall for a small C, though it is low for a large C. The tall
peak tells us that there is a chance so that the ground state can have a physical photon.
This situation reminds us of that of the Hepp-Lieb quantum phase transition [21] though we
have not yet understood whether this is caused by a quantum phase transition.
Next our problem is to investigate where the photons that the ground state has come
from, and how the ground state has them. We will hereafter prove the following expression
of the renormalized ground-state expectation of physical photon. For an arbitrary coupling
constant g, we have
N ren0 = |〈E˜ren0 |Eren0 〉|2
g˜2
ω2g
+ ~2g˜2
∞∑
ν=1
|〈E˜renν |Eren0 〉|2
(Eν − E0 + ~ωg)2 (3.15)
by using the pull-through formula. We note that we do not use the perturbation theory to
prove this expression. For the operator-theoretical pull-through formula, see Ref.[14]. In the
same way, for the ground-state expectation of bare photon, we have the expression,
Nbare0 = |〈E˜0|E0〉|2
g2
ω2c
+ ~2g2
∞∑
ν=1
|〈E˜ν |E0〉|2
(Eν − E0 + ~ωc)2 .
Eq.(3.15) implies the inequality,
N ren0 ≤ |〈E˜ren0 |Eren0 〉|2
g˜2
ω2g
+ ~2g˜2
∞∑
ν=1
~2ω2a
(Eν − E0 + ~ωg)2(Eν − E0)2 . (3.16)
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Figure 3: The red solid line is the upper bound g˜2/ω2g, and the blue line is the lower bound
L(g)2. Here we set Cg = Cg or Cg
2, ωa = 0.1, ε = 0, ωc = 0.75.
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Here, we note the followings before we prove Eqs.(3.15) and (3.16). The set of {|E˜renν 〉}∞ν=0
is a complete orthonormal system of the Hilbert space σxF = F by Theorem 4.3 of Ref.[16].
Thus, there is an ν∗ such that 〈E˜ν∗ |E0〉 6= 0 since |E0〉 6= 0. This fact gives a lower bound of
the ground-state expectation of physical photon:
~
2g˜2
|〈E˜renν∗ |Eren0 〉|2
(Eν∗ − E0 + ~ωg)2
≤ N ren0 . (3.17)
In the case ε = 0, we have ν∗ 6= 0 since we can show 〈E˜ren0 |Eren0 〉 = 0 using the parity
symmetry, [H(ωa, 0, ωg, g˜),Π] = 0, for the parity operator Π. Eqs.(3.15) and (3.17) tell
us that the ground state has at least a physical photon with the transition probability,
|〈E˜renν∗ |Eren0 〉|2, form the states |E˜renν∗ 〉 on the other side of the mirror.
We now prove Eqs.(3.15) and (3.16): We first give the so-called pull-through formula for
the quantum Rabi Hamiltonian. We note the equation,
[H(ωa, ε, ωg, g˜)− E0, a]|Eren0 〉 = (H(ωa, ε, ωg, g˜)− E0)a|Eren0 〉.
Meanwhile, we compute the commutator in the left hand side of the above as
[H(ωa, ε, ωg, g˜)− E0, a] = −~ωga− ~g˜σx.
Combining these equations, we obtain the pull-through formula:
a|Eren0 〉 = −~g˜ (H(ωa, ε, ωg, g˜)− E0 + ~ωg)−1 σx|Eren0 〉. (3.18)
Using Eq.(3.18), we have the expression of the ground-state expectation of photon as
N ren0 = ~
2g˜2‖ (H(ωa, ε, ωg, g˜)− E0 + ~ωg)−1 σx|Eren0 〉‖2F , (3.19)
which implies the upper bound Eq.(3.13). Using the completeness of the set {|Erenν 〉}∞ν=0, we
have the expansion,
σx|Eren0 〉 =
∞∑
ν=0
〈Erenν |σx|Eren0 〉|Erenν 〉. (3.20)
Inserting Eq.(3.20) into Eq.(3.19), we reach Eq.(3.15).
To obtain Eq.(3.16), we have only to estimate the transition probability, |〈E˜renν |Eren0 〉|2.
Define the spin-chiral transformed Hamiltonian H˜(ωa, ε, ωg, g˜) by
H˜(ωa, ε, ωg, g˜) := σxH(ωa, ε, ωg, g˜)σx.
Then, we have the equation,
H˜(ωa, ε, ωg, g˜) = H(−ωa, ε, ωg, g˜). (3.21)
Since |E˜renν 〉 is an eigenstate of the transformed Hamiltonian H˜(ωa, ε, ωg, g˜) with the eigenen-
ergy Eν , Eq.(3.21) leads to the following:
Eν〈E˜renν |Eren0 〉 = 〈E˜renν |H(−ωa, ε, ωg, g˜)|Eren0 〉
= 〈E˜renν |H(ωa, ε, ωg, g˜)− ~ωaσz |Eren0 〉
= E0〈E˜renν |Eren0 〉 − ~ωa〈E˜renν |σz |Eren0 〉,
which implies the equation, (Eν − E0)〈E˜renν |Eren0 〉 = −~ωa〈E˜renν |σz |Eren0 〉, and thus,
(Eν − E0)|〈E˜renν |Eren0 〉| = ~ωa|〈E˜renν |σz |Eren0 〉|.
Therefore, we can obtain our desired estimate:
|〈E˜renν |Eren0 〉|2 ≤
~2ω2a
(Eν − E0)2 .
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We now prove Eq.(3.14). By the variational principle, we have the inequality,
E0 = 〈Eren0 |H(ωa, ε, ωg, g˜)|Eren0 〉
= 〈Eren0 |Hatom(ωa, ε)|Eren0 〉+ 〈Eren0 |Hcavity(ωg)|Eren0 〉
+〈Eren0 |Hint(g)|Eren0 〉
≥ − ~
2
√
ω2a + ε
2 + ~ωgN
ren
0 +
~ωg
2
+ ~g˜〈Eren0 |σx(a+ a†)|Eren0 〉
≥ − ~
2
√
ω2a + ε
2 + ~ωgN
ren
0 +
~ωg
2
− ~g˜|〈Eren0 |σx(a+ a†)|Eren0 〉|.
Using the Schwarz inequality, the fact that the creation operator a† is the adjoint operator
of the annihilation operator a, and Eq.(3.21) of Ref.[16], we have the inequality,
|〈Eren0 |σx(a+ a†)|Eren0 〉| ≤ 2‖a|Eren0 〉‖F = 2
√
N ren0 .
Combining above two inequalities, together with Eq.(3.9), leads to the inequality,
2~g˜
√
N ren0 − ~ωgN ren0 ≥ ~F (g),
where
F ren(g) =
1
2
√
ω2a + ε
2
(
e−2g˜
2/ω2g − 1
)
+
g˜2
ωg
.
Set X and γ as X :=
√
ωgN ren0 and γ :=
√
g˜2/ωg. Then, dividing the both sides by ~,
the above inequality is rewritten as 2γX − X2 ≥ F ren(g). Thus, X has to satisfy γ −√
γ2 − F ren(g) ≤ X ≤ γ +
√
γ2 − F ren(g), which implies√
g˜2
ωg
−
√
g˜2
ωg
− F ren(g) ≤√ωgN0.
Thus, we obtain our desired statement.
3.3 Possibility of Entangled Ground State
We consider the possibility that the ground state becomes an entangled state.
Eq.(3.17) says that once the coupling strength is turned on (i.e., g > 0), the renormalized
ground-state expectation of the physical photon is strictly positive (i.e., N ren0 > 0). Thus,
there are a spin state |s∗〉 and the Fock state |n∗〉 with a photon number n∗ > 0 so that
〈n∗, s∗|Eren0 〉 6= 0. (3.22)
More precisely, let us express |Eren0 〉 as |Eren0 〉 =
∑∞
n=0 c
↑
n| ↑, n〉 +
∑∞
n=0 c
↓
n| ↓, n〉. We have
the expression of the renormalized ground-state expectation as
N ren0 ≡ 〈Eren0 |a†a|Eren0 〉 =
∞∑
n=1
n|c↑n|2 +
∞∑
n=1
n|c↓n|2.
Since we know N ren0 > 0, we eventually obtain that there are s∗ ∈ {↓, ↑} and a natural
number n∗ > 0 so that |〈n∗, s∗|Eren0 〉|2 = |cs∗n∗ |2 6= 0. That is, we reach Eq.(3.22).
We immediately realize that the quantum state |s∗, n∗〉 is not a ground state, and there-
fore, there is another quantum state |s, n〉 so that |〈n, s|Eren0 〉|2 6= 0. We try to seek it now.
We define the orthogonal projection operators, P|♯〉 and P|0〉, for ♯ =↑, ↓ by P|♯〉 := 〈♯| 〉|♯〉
and P|0〉 := 〈0| 〉|0〉. We have the inequality, P|0〉 ≥ 1− a†a, as shown in the proof of Lemma
4.6 of Ref.[2] since a†a =
∑∞
n=1 nP|n〉 and 1 =
∑∞
n=0 P|n〉 for the orthogonal projection
defined by P|n〉〉 := 〈n| 〉|n〉, we have
|〈0, ↑ |Eren0 〉|2 + |〈0, ↓ |Eren0 〉|2 = 〈Eren0 |P|↑〉 ⊗ P|0〉|Eren0 〉+ 〈Eren0 |P|↓〉 ⊗ P|0〉|Eren0 〉
= 〈Eren0 |I ⊗ P|0〉|Eren0 〉
≥ 〈Eren0 |1− a†a|Eren0 〉 = 1−N ren0 .
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By this inequality, we can say that there is a spin-state |s0〉 so that
〈0, s0|Eren0 〉 6= 0 if N ren0 < 1. (3.23)
Eqs.(3.22) and (3.23) tell us that the expansion of the ground state |Eren0 〉 by the states
|♯, n〉 must include a superposition of the state |s0, 0〉 and |s∗, n∗〉 when the ground-state
expectation of photon satisfies 0 < N ren0 < 1. Therefore, at least a quantum states, |s0, 0〉
and |s∗, n∗〉, make an entanglement in the expansion of the ground state |Eren0 〉 then. As for
the possibility of the entangled ground state, see the following section.
4 Summary and Discussion
For the generalized quantum Rabi model with the A2-term, we gave an upper bound and
a lower bound of the renormalized ground-state expectation of physical photon. We showed
how the ground state has at least one physical photon, and the possibility of entanglement in
the ground state. As shown in Eq.(2.3) for the quantum Rabi model, its ground state is well
approximated by the coherent state for sufficiently large coupling strength. Therefore, we
conjecture that both the bare and physical ground states makes a highly entangled ground
state. We will show this conjecture and its leading term. Our results say that we may stably
store a physical photon in the ground state for a properly large coupling strength at least.
Quoted from Ciuti’s lecture [7]: The ground state is the lowest energy state; the photons in
the ground state cannot escape the cavity.
A Theorem for Improvement of Convergence
In this appendix, we state and prove the theorem that we used in §2.3.
Theorem: Let A and B be compact operators on a Hilbert space H. If the operator
sequence Wn is bounded (i.e., supn ‖Wn‖op <∞), and converges to 0 as n→∞ in the weak
operator topology, then the operator AWnB converges to 0 in the uniform operator topology,
i.e., in the operator norm.
Proof: Let {ϕj}∞j=1 be a complete orthonormal system of the Hilbert space H. By
Theorem VI.13 of Ref.[23], the finite rank operator BN :=
∑N
j=1 (ϕj , ·)HBϕj converges to
the compact operator B as N → ∞ in the uniform operator topology. By the triangle
inequality, we have
‖AWnB‖op ≤ ‖AWnBN‖op + ‖AWn(B −BN )‖op
≤ ‖AWnBN‖op + ‖A‖op(sup
n
‖Wn‖op)‖B −BN‖op (A.1)
for arbitrary natural number N . We can estimate the first term of the above as
‖AWnBN‖op = sup
‖ψ‖H=1
‖AWnBNψ‖H = sup
‖ψ‖H=1
∥∥∥∥∥
N∑
j=1
(ϕj , ψ)HAWnBϕj
∥∥∥∥∥
H
≤
N∑
j=1
‖AWnBϕj‖H,
where we used the Schwarz inequality, | (ϕj , ψ)H | ≤ ‖ϕj‖H‖ψ‖H = 1. Since the operators
Wn converges to 0 in the weak operator topology, the vectors {WnBϕj}n are weakly conver-
gent sequence. Since the operator A is compact, the vectors {AWnBϕj}n are a convergent
sequence in the Hilbert space H (i.e., the sequence {AWnBϕj}n converges in the norm of
the Hilbert space H) by Theorem VI.11 of Ref.[23]. Thus, we have
lim
n→∞
‖AWnBN‖op = 0 for arbitrary natural number N. (A.2)
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Combining Eqs.(A.1) and (A.2) leads to the inequality,
lim
n→∞
‖AWnB‖op ≤ ‖A‖op(sup
n
‖Wn‖op)‖B −BN‖op
for arbitrary natural number N . Taking the limit N → ∞ in the above, we conclude our
theorem. 
B Estimate of Nbare0
We easily have
(∆Φ)2 ≤ 1
2ωc
〈E0|(a+ a†)2|E0〉 (B.1)
since (∆Φ)2 = 〈E0|Φ2|E0〉 − 〈E0|Φ|E0〉2, and
〈E0|(a+ a†)2|E0〉 = 2Nbare0 + 1 + 〈E0|a2 + (a†)2|E0〉. (B.2)
Meanwhile, by Eqs.(3.21) and (3.22) of Ref.[16], we have ‖a|E0〉‖F =
√
Nbare0 and ‖a†|E0〉‖F =√
Nbare0 + 1. With the help of the Schwarz inequality, these equations tell us
|〈E0|(a♯)2|E0〉| ≤ ‖a|E0〉‖F‖a†|E0〉‖F ≤
√
Nbare0
√
Nbare0 + 1 ≤
2Nbare0 + 1
2
. (B.3)
Combining Eqs.(B.1)–(B.3) leads to Eq.(3.5).
Since b = UaU∗ and b† = Ua†U∗, we have the relations
U∗aU =M1a+M2a† and U∗a†U =M2a+M1a†
by Eq.(3.7). Using these relations, we can rewrite the ground-state expectation of bare photon
as
Nbare0 = 〈Eren0 |(U∗a†U)(U∗aU)|Eren0 〉
= (M21 +M
2
2 )N
ren
0 +M
2
2 +M1M2〈Eren0 |a2 + (a†)2|Eren0 〉. (B.4)
In the same way as showing Eq.(B.3), we have the inequality, |〈Eren0 |a2 + (a†)2|Eren0 〉| ≤
2
√
N ren0
√
N ren0 + 1. Since M1 > 0 and M2 < 0, we obtain the estimate from below by
Eqs.(3.13), (B.4), and (B.5):
Nbare0 ≥ (M21 +M22 )N ren0 +M22 + 2M1M2
√
N ren0
√
N ren0 + 1
≥ M22 + 2M1M2(N ren0 + 1)
≥ M22 − ǫ(g), (B.5)
where
ǫ(g) =
1
2
{(
ω2g − ω2c
ωcωg
)(
g˜2
ωg
+ 1
)}
=
1
2
{(
(ωg/g
(ℓ+1)/2)2 − (ωc/g(ℓ+1)/2)2
ωc(ωg/g(ℓ+1)/2)
)(
ωc
(ωg/g(ℓ+1)/2)3
g1−ℓ +
1
g(ℓ+1)/2
)}
.
Therefore, we finally obtain our desired lower estimate from Eq.(B.5).
C Numerical-Analysis Method for Eigenvalues of Rabi
Hamiltonian
We recall that in the case ε = 0, the quantum Rabi Hamiltonian HRabi(ωa, ωc, g) :=
H(ωa, 0, ωc, g) has the parity symmetry: [HRabi(ωa, ωc, g),Π] = 0 for the parity operator
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Π = σz(−1)a†a. Let us denote by F±1 the eigenspace of the parity operator with the eigen-
value, ±1. We can decompose the state space F as F = F−1 ⊕ F+1, and then, we can
also decompose the quantum Rabi Hamiltonian into the direct sum of the two self-adjoint
operators H± acting in the individual state space F±1 in the same way as in Eq.(3.3),
HRabi(ωa, ωc, g) = H
− ⊕H+, (C.1)
where H± is obtained by subtracting the A2-term from H± in Eq.(3.4). Following this de-
composition, in the numerical analysis for the eigenvalue problem for the Rabi Hamilto-
nian HRabi(ωa, ωc, g), we have only to seek the eigenvalues of H
±. We can give the matrix-
representation H±matrix of the operator H
± in the following. Using the complete orthonormal
basis, |↑, 0〉, |↓, 1〉, |↑, 2〉, |↓, 3〉, · · · , for H+, and using the complete orthonormal basis, |↓, 0〉,
|↑, 1〉, |↓, 2〉, |↑, 3〉, · · · , for H−, they are
H±matrix :=

d0 ±∆
√
1g√
1g d1 ∓∆
√
2g√
2g d2 ±∆
√
3g
√
3g d3 ∓∆ .. .
. . .
. . .

, (C.2)
where ∆ = ~ωa/2, g = ~g, and dn = ~ωc(n+2
−1). With these matrix representations we can
seek the eigenvalues of the operatorsH±. To achieve this, we make good use of the eigenvalue
problem for the symmetric Jacobi matrix: For given complex sequences, a = {an}∞n=0 and
b = {bn}∞n=0, the matrix
J(a, b) :=

a0 b0
b¯0 a1 b1
b¯1 a2 b2
b¯2 a3 b3
b¯3 a4
. . .
. . .
. . .

is called the symmetric Jacobi matrix. We assume the following two conditions:
(A.1) an →∞ as n→∞.
(A.2) (|bn|+ |bn−1|)(|an|+ 1)−1 → 0 as n→∞.
Thanks to these assumption, the operator consisting of the off-diagonal entries is the infinites-
imally small with respect to the operator consisting of the diagonal entries, the Kato-Rellich
theorem [24] guarantees the operator J(a, b) to be self-adjoint acting in the Hilbert space of
the square-summable sequences. For any natural number N we define a matrix JN (a, b) by
JN (a, b) := J(a, b)
∣∣∣
bN=0
=

a0 b0
b¯0
. . .
. . .
. . .
. . . bN−1
b¯N−1 aN 0
0 aN+1 bN+1
b¯N+1
. . .
. . .
. . .
. . .

.
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Defining matrices KN(a, b) and RN (a, b) by
KN(a, b) =

a0 b0
b¯0
. . .
. . .
. . . a2 bN−1
b¯N−1 aN
 and RN (a, b) =

aN+1 bN+1
b¯N+1 aN+2 bN+2
b¯N+1 aN+3
. . .
. . .
. . .
 ,
we can decompose the matrix JN (a, b) into the direct sum of these matrices:
JN (a, b) = KN(a, b)⊕RN (a, b). (C.3)
Under the conditions (A.1) and (A.2), we will prove that the matrix JN (a, b) converges to
the symmetric Jacob matrix J(a, b) in the norm resolvent sense:
lim
N→∞
‖(JN (a, b) + i)−1 − (J(a, b) + i)−1‖ = 0, (C.4)
and that the n-th eigenvalue µn(KN (a, b)) of the matrix KN(a, b) converges to the n-th
eigenvalue µn(J(a, b)) of the symmetric Jacob matrix J(a, b):
µn(J(a, b)) = lim
N→∞
µn(KN (a, b)). (C.5)
We prove Eqs.(C.4) and (C.5) from now on. We set J , JN , T ,KN , and RN as J := J(a, b),
JN := JN (a, b), T := J(a, 0), KN := KN(a, b), and RN := RN (a, b) for simplicity. By the
2nd resolvent equation we have
‖(JN + i)−1 − (J + i)−1‖ ≤ ‖(J − JN )(J + i)−1‖
≤ ‖(J − JN )(T + i)−1‖ ‖(T + i)(J + i)−1‖. (C.6)
We note that the assumptions (A.1) and (A.2) guarantees ‖(T+i)(J+i)−1‖ <∞ in the right
hand side of the inequality Eq.(C.6). Meanwhile, since J−JN = bN (|N+1〉〈N |+ |N〉〈N+1|)
by the definition, we reach the following inequality and the limit with the help of the condition
(A.2):
‖(J − JN )(T + i)−1‖ ≤ |bN |
(
‖|N + 1〉〈N |(T + i)−1‖+ ‖|N〉〈N + 1|(T + i)−1‖
)
= |bN |(|aN + i|−1 + |aN+1 + i|−1) −→ 0 as N →∞. (C.7)
Eqs.(C.6) and (C.7) lead to Eq.(C.4).
Thanks to Theorem VIII.23 of Ref.[23], we have the convergence,
lim
N→∞
µn(JN ) = µn(J). (C.8)
Denote by DN the diagonal matrix of which diagonal entries are aN+1 − |bN+1|, aN+2 −
|bN+1| − |bN+2|, aN+3− |bN+2| − |bN+3|, aN+4− |bN+3| − |bN+4|, · · · . Then, by the condition
(A.2) we have the inequality and the limit,
RN ≥ DN ≥ min
n≥N+1
(an − |bn−1| − |bn|) −→∞ as N →∞.
Thus, with this limit the mini-max principle (see Theorem XIII.1 of Ref.[25]) says that
lim
N→∞
µn(RN ) =∞. (C.9)
Remember that an eigenvalue of the matrix JN is an eigenvalue of the matrix KN or an
eigenvalue of the matrix RN due to Eq.(C.3). Thus, Eq.(C.9) says that for sufficiently large
N we have
µn(JN ) = µn(KN ). (C.10)
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Eqs.(C.8) and (C.10) lead Eq.(C.5).
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